Chapter 1V. Static Asset Pricing Models

hilethe CAPM hasbeen, and despiteitslimitations, still is, themost popular asset pricing model, there
isavariety of other asset pricing models that deserves attention. Many of these are variations of the
basic CAPM. Herewe will discuss only these modelsthat are static in nature asisthe basic CAPM.

1. THE CAPM wWITH NON-MARKETABLE HUMAN CAPITAL

erewedrop assumption 6 of section I11.1(b) that all assetsowned by aninvestor are marketable. Clearly

this assumption is violated for human capital. As“indentured servitude” isillegal nowadays in most

countries, oneisnot allowed/ableto sell one’ sfuturelabor. Quantitatively, theimpossibility of trading
one's human capital may be quite important. Consider for instance a 30-year old, earning an annual salary of $50,000.
Typically, this individual may have accumulated savings (investable non-human wealth) of no more than $100,000
including apension plan, but excluding the equity in ahome which cannot beinvested. However, thereal present value
of theindividual’ slife-time salary (human wealth) may bein the order of magnitude of $1,000,000. Thus, no more than
around 10% of total wealth is marketable for this typical 30-year old.

Clearly, this 30-year old individual, in choosing how to invest the $100,000 of investable wealth, will not so
much be concerned with market risk as with hedging the uncertainty in life-time earnings. On the other hand, a65-year
old will be much more concerned with market risk and may have very little remaining uncertainty in non-financial life-
time earnings. It isthen immediately clear that the Mutual Fund Theorem of the simple CAPM should fail. Not all
individuals will hold the same portfolio of risky assets. We will here not be concerned with the exact implications for
portfolio choice. Instead, wewill ask the question of how dropping assumption 6 will affect asset pricing in equilibrium.
Two questions present themselves. First, under what conditionswill theindividual differences dueto disparitiesin non-
tradable asset positions affect asset prices in the aggregate? The answer depends of course on the degree to which
individual differences are systematic or idiosyncratic. Second, if asset prices are affected, doesthis present itself in the
form of a different beta for the market factor, or will a second beta arise to deal with a non-market factor? In the
following we will address these questions based on the work of Mayers (1972). See also Campbell (1996) and
Jaganathan and Wang (1996).

For simplicity we use the method of proof of section I11.2(b). Consider an individual k who maximizes the
expected utility of end-of-period wealth given individual-specific non-marketable wealth (initial w,, , end-of-period

Wnk) .
1 Ef[u
( ) {gk}in:o [ k(Wk)]

n
2 st. W, =w, + X s (1+r)w,

i=0
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SecTION 1. THE CAPM WITH NON-MARKETABLE HUMAN CAPITAL

(3) st. Xsg =1

Here only equation (2) deviates from the original specification. Using the exact same derivation asin section 111.2(b)
(not reproduced here), we obtain:

(4) B, -1, = ACov(w,r;) = A[w. o, +W_ 0o, ],

K
whichfollowssincew = X, w, =w, +w_=w_ (1+r)+w_ (1+r_ ). Weasodefine A =X 6;1]’1. Note that A
k=1
in general depends on the distribution of wealth across individuals. When we use equation (4) for asset m we obtain:
() W, -r =AW, +W ool

To find afairly standard asset pricing equation we divide equations (4) and (5) to eliminate A. Thisyields:

] o W o +W_ 0O
(6) My - T = B?(Hm— rf)! with B.n == =—_"21 _m =
Ow WO +W O

Introducing non-marketabl e assetsthus has several implications. Asindicated previoudly, individualswill not
hold the same portfolios of risky assets sincethey hold different types and quantities of non-marketable human capital.
However, equation (6) indicates that nevertheless asset pricing is still independent of individual preferences. While
idiosyncratic risk of the non-marketable asset will affect portfolio choice of the individual, it is only the systematic,
economy-wide, component of non-marketable asset returns that matters. Asset pricing is still affected by covariance
risk but it is now an asset’ s covariance with the market as well asits covariance with the systematic non-market asset
return that matters.

A practical problem with equation (6) is that the beta from a standard regression now will no longer be equal
to Bi". Instead, an instrumental variable regression, with true wealth w serving as the instrument for the market would
provide exactly the right beta coefficient:

Cov(r,,w)

(7) Bi :m,

as shown in Appendix B. An empirical test of this model can be found in Fama and Schwert (1977).
Rewriting equation (6) allows a simple intuitive interpretation:

— = . K, T —
(8) Wt = Alop, « (W/W)o, ], with A = ——" 1 —— = AW,
(w,/w) o, + oy,
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CHAPTERIV. STATIC ASSET PRICING MODELS

Introduction of non-marketable assets causes two changesin the asset pricing equation. First, the price of market risk
A, may not be affected asfollowsfrom equation (5), but it fallsfor a given equity premiumwhen market and non-market
returnsarepositively correlated (riseswhen negatively correlated). Second, anindividual asset’ srisk now consists, aside
from the usual co-movement with the market return, also of the covariance risk with the economy-wide non-market
return, weighted by its relative importance. Thus, the systematic risk of non-market assets is priced even though these
assets are not traded.

Why do we not obtain a two-beta formulation, or, similarly, athree-fund separation result? The issueis that
the risk free asset and the market portfolio now are no longer sufficient to summarize the market opportunities of an
individual investor. Theinvestor also needs afund to hedge against changes in the value of his non-market assets. For
portfolio choice, the presence of non-marketableidiosyncratic risk meansthat no separation result can obtain. However,
idiosyncratic risk at the market level is replaced by systematic risk of non-marketable assets which can be summarized
by one additional factor.

Assumethat an asset n existswithreturn perfectly correl ated with theaggregatereturn on non-marketabl e assets.
From equation (4) thiswill have excess expected return of:

9) b,-r, = A[W o>+ W o ].
Combining equations (5) and (9) to solve for Aw_ and Aw_, and substituting into equation (4), it is possible to write:

(10) M -1 = Bim(um_ rf) + Bin (Hn - rf) )

2 2
where B = Oim%n ~ OinOm B = OinOm ~ OimOm
im 2 2 2 in 2 2 2
OmOn =~ Om OmOn =~ Om

Thebetas, f,,, and B, may be obtained as the multiple regression coefficientsin aregression of r; - r, on aconstant,
ro—fe and r_-r.. Jagannathan and Wang (1996), without derivation, use separate betas for the market return aswell

m
as for the return on human capital.

2. THE CAPM WITH MULTIPLE CONSUMPTION GOODS

n the basic static CAPM thereis only one consumption good. Asall end-of-period wealth is spent on this
consumption good, the covariancewiththe marginal utility of consumption becomescovariancewithwealth
and the market return on wealth. In general, however, utility, even in a one-period model, will depend on
the consumption of various consumption goods. We consider herethe consequences of dropping assumption 3in section
[11.1(b) of a composite consumption good.
For simplicity, consider two consumption goods: a composite good ¢ which is the numeraire and represents
regular consumption, and a good h which one may think of as housing and has relative price of p. Thus, for individual
household k, we have the following decision problem:
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® sy Elcon [uk(ck,hk)]]

2 st. ¢ +ph =w,
n

n
(3 st w, = Zoslk(lwi)v_vk, with _Eoslk = 1.
i= i-

The consumption allocation decision can be made are uncertainty is revealed; thus, the above problem can be
decomposed into the following “two-stage budgeting” formulation:

max
(4) Vk(Wk, p) = Cy» hk Uk(Ck, hk)

(5) st. ¢ +ph =w,.
Together with:
Max
(6) {gk} E[Vk(Wk,p)],
n n
@) st. w, = X s, (1+r)w,, with Xs, =1.
i=0 i=0
Here the decision problem in equations (4) and (5) serves only to determine the v( ) function. Clearly optimal c and h
will be functions of the parameters exogenous to the household: w, and p only. It is straightforward to check that
Vi (W, B) = v (w,/p), where p = f(1,p),if ucc,,h,) ishomothetic. In this case the problem degenerates to the
basic CAPM with real wealth as the only factor.
The first-order conditions for the optimization problem of equations (6) and (7) are:

(8) E[V,(W,p)(r,-r)] =0, foralie{l,n},

where numerical subscriptsj indicate partial derivativeswith respect to the jth function argument. Using the definition
of covariance [see Appendix] we obtain:

(9) E[Vkl(Wk, p)] (“i - rf) = 7COV[Vk1(Wki p) ) ri]-
If we assume that returns are normally distributed so that w;, is hormal and that p is normally distributed, we can apply
my modest generalization of Stein’s Lemma [see Appendix C] stating that, when x, y, and z are multivariate normal,

then:

Cov[x, h(y,z)] = E[h;(y,2)]Cov(x,y) + E[h,(y, z)]Cov(X,2) .
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CHAPTERIV. STATIC ASSET PRICING MODELS

Thus, using the lemma on equation (9):

(10) ui_rf:MCOV(Wk,ri) +M

Cov (p,r,).
ElVia(w. p)] ElVia(w. p)]

Equation (10) suggests atwo-factor CAPM result. However, the expression includes various terms that are
specific to individual k. The next step thusisto consider market equilibrium by aggregating over all individuals:

E - E[Vkl(ka p)]

(11)
k-1 E[Vy,(W,, p)]

(lli - rf) =

Cov (W, 1;) + 5 ElazW P

Cov (p.1.),
1 EVpy(W,, P)] ov(p.ry)

whichfollowssince w,, = X, w,. Next, consider that w_, = w, (1 +r, ) and assumethat an asset existswithreturnr,
that is perfectly correlated withp sothat p = y + 6rp. Then:

(12) i =1 = Ao + A0,

Where as before Cov(ri,rj) =0, and where:

Ay = Wy

g —E[Vkl(Wk,p)] >0 ’
k-1 E[V ., (W, p)]

n, - o] & Elas(v P
k=1 E[Vkll(ka p)]

§ 7E[Vk1(Wki p)]
k=1 E[Vkll(ka p)]

Notethat & appearsin A, because we converted from covariance between return on asset i and p to covariance between
return on asset i and the return on the asset perfectly correlated with p. The sign of A, depends negatively on the sign
of v, .

Applying equation (12) to asset m (it is easy to check that, if equation (8) holdsfor any “primitive” asset i , it
also hold for any portfolio, including the market portfolio):

(13) M — T = Aloiﬁ Azomp‘
Similarly, for the asset with return perfectly correlated with p,
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SECTION 2. THE CAPM WITH MULTIPLE CONSUMPTION GOODS

2
14 My —Tp = Alopm+A20p'

Use equations (13) and (14) to solve for A, and A, :

31 o] ()
A, o o’ Hp = T)

Thisyields:
2
(15) Al _ Op(um - rf) - O-n'p(up - rf) ’

2
_ Om(up 7rf) - O-n'p(umirf)
Ay = 2 2 2 :

0,0m ~ Oy

Substitute equation (15) into equation (12) to obtain the expected return of any asset i as.

(16) M -r = Bim(“mfrf) + Bip(“pfrf) )

Notice that the betas are simply the slope coefficients that would arise in amulti-variate regression of r; - r, onr - r;
andr,-r.

Theintuition of equation (16) is that investors care about the risk to their wealth. However, they separately
also care about what they can do with their wealth. Thus, they care about hedging against changesin p (which you may
think of asthe price of housing, for instance). Typically, anincreasein p would decreasethe marginal (indirect) utility
of wedlth; i.e., Vi;, <0. ThusA, > 0. Equation (14) thenimpliesthat i, - r; >0 aslong aso,,, > 0. the asset perfectly
correlated with pisrisky, since ahigh return is associated with alow marginal utility of wealth; it thus offers apositive
risk premium in equilibrium.

The case considered here, where considering various types of consumption goods implies additional beta
factorsin the asset pricing equation, even in a static model, appears to have been largely overlooked in the literature.
The only reference | have found in the literature where a bundle of consumption goods is considered and is shown to
imply additional beta factors is a section in Breeden (1979, section 7) in the context of a continuous-time dynamic
model. Lyon (2000) providesaninteresting application of thematerial considered herewhere p representsthereal price
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CHAPTERIV. STATIC ASSET PRICING MODELS

of housing.

Applications and exercises

1 Derive equation (15) for the case where no asset exists that is perfectly correlated with p [provide hint].

2. Explain the difference in implications of considering housing as a non-marketable asset discussed in section
2, or of considering housing as a key consumption good separate from other consumption goods, as discussed
in section 3.

3. Discussthe signs of A, and A, by using information from the optimization problem in equations (4) and (5).

3. THE INTERNATIONAL CAPM

n which manner can we extend the CAPM to consider more than one country? One obvious modification

isthat covariance of areturn with the market now becomes covariance of an asset’ s return with the return

on a broader portfolio such asthe world portfolio. Aswe will see, however, the standard CAPM requires
in general a more substantial modification. Below, we discuss what is essentially a discrete-time version of the Adler
and Dumas (1983) International CAPM (sometimes confusingly called the|CAPM whichisthe nametypically reserved
for the Intertemporal CAPM). For more recent work on international asset pricing in the same vein, see Black (1990),
Stulz (1994), and DeSantis and Gérard (1998).

(a) Model Set-Up

We model amulti-country world. Capital flowsareunrestricted. Thisimpliesthat thelaw of onepriceprevails
for al financial assets. That is, nominal returnson an asset i are equal for theresidentsin all countries. Tradeflowsare,
however, costly and thisimplies that the law of one price does not prevail for the one consumption good we consider.*

Thus, while asset returns are equalized across countries, purchasing power parity need not prevail.

To simplify matters further we assume just one representative consumer in each country. The consumer in

benchmark country J faces the following standard decision problem:

1 Max E
( ) {%}in:o [UJ (WJ)]

1 Alternatively, we may think of there being a traded good and a non-traded good. The law of one price holds for the
traded good but not for the non-traded good of each country. And so the price index for aggregate consumption as made up of
the two goods may differ between the two countries. Note that a price index for the two goods may exist only if preferences for
the two goods are homothetic which we assume to avoid the complications discussed in the previous section.
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SECTION 3. THE INTERNATIONAL CAPM
2 st. wy = X 5;(1+r)w,

i=0

n
(3) st. .ESIJ =1.

Here the first subscript i indicates assets and the second subscript indicates the country of the consumer; all other
notation is as before. Asset returnsarein real terms:

4 1 L
+r. = s
@) Yolem,

and measured in the currency of the benchmark country J. Thus rin J represents the nominal asset returnin the currency
of the benchmark country and ; stands for the inflation rate in the benchmark country; both are unknown at the time
of the portfolio choice.

The representative consumer in any other country faces the same opportunity set as does the benchmark
consumer in the sense that the avail able assets and their returns are the same for both. Thisisthe assumption of the law
of one price as applied to all financial assets. However, the law must apply to nominal prices and returnsonly. Real
asset pricesand returnsdiffer asthe consumersin different countriesface different consumer priceindicesandinflation
rates.

The decision problem for any consumer outside of the benchmark country (that is countries j, where
je{1,..,J-1}, becomes:

Max
G (g0, EUOGX)

n
(6) st. w =X 5 (1+r)w,
i=0

(7 st. X =1,

and where

8 X = e,

with e representing the rate of appreciation of country j’s currency in terms of the benchmark country’s currency,
e = E / Igj with E, ismeasured in units of country j currency per unit of country J currency. Equation (8) thus gives
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CHAPTERIV. STATIC ASSET PRICING MODELS

thereal rate of appreciation of country j’ s currency intermsof the benchmark country’ scurrency. Or, equivaently, the
rate of appreciation of country j’sreal exchange rate. Real wealth w, is measured in terms of the benchmark’ s country
consumption basket asfollowsfrom equation (6) (given that returns r; aredefinedinreal benchmark country currency).
Accordingly, to convert to country j purchasing power, we need to multiply by 1 + m; to get to nominal benchmark
country terms, then multiply by g toconvertto country j currency termsand lastly divideby 1 + 7, to obtainreal wealth
in terms of purchasing power in country j. Asfollows from equations (5) and (8) these conversions are equivalent to
multiplying W, by the rate of appreciation of the real exchange rate X Clearly, equations (5) - (8) apply to the
benchmark country aslong as onerealizesthat x; = 1.

We will take the X to be normally distributed as are the real returns r; ; thus, the w, are normally distributed
aswell. Of course, these assumptions imply that the real returns for the non-benchmark country investor are not
normally distributed, but this will not present any technical complications.

Next we obtain the asset pricing equations for all assets phrased in terms of their purchasing power in the
benchmark country. For empirical purposes, then, all returns are measured in real terms of the benchmark currency.

(b) Model Solution

Assumethat an asset exists denominated in the benchmark currency that isrisklessinreal terms. Thenthefirst-
order conditions for the representative consumers become:

(9 E[ujl(vvj xj) X; (ri-ry)l =0, foradlief{l,.,n},je{l,..,3}.
Using first the definition of covariance and then applying Stein’s Generalized Lemmayieldsfor all i and j:
(100 (1 ~ r) ELu(w %) %1 = - E[ug, (w; x) 7] Cov(w, )
- E[ug, (W x)w X+ ug (W, x)] Cov(x,r,)
Rewriting the above expressions gives:
(11) (K - rO)Ai = Cov(w ,r;) + B, Cov(xi,ri),

where the constants are defined as:

I Gk S CH UL R G

@ A

2y’ 2
Efu, (W %) X7 Elu, (W, %) %]

Define world real wealth in terms of the home consumption basket as w and the return on the world market portfolio
asl+r, = w/w. Thenaddequation (11) for al j to aggregate over the representative consumers and use the world
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market return definition to obtain:

J-1

W Cov(r, 1) El B, Cov(x,T1,)
+ .

A

(13) M - Ty =

Mo
Mo

A

1 i=1

j

Noticethat Cov(x,,r;) =0 since x; = 1.
Employing the by now familiar procedure:

J-1
wvar(r,) 5 B V0T
(14) Hy, — Ty = - + ,
YA A
. ] ]
j=1

Mo

1

j

J-1
W Cov(r, %) El B, Cov(x;, %)
(15) ux - ro = 3 + 3 )
YA YA
o1 J=1A‘

for al k e {1,..,3-1}.

Notethat 1+, = X;.
]
Using our standard notation o, P = Cov(r;, r;), solution of (14) and (15) and substitution into (13) analogously
to that in section 3 can be applied to find the International CAPM equation. Specifically, the derivation is asfollows.

B w
_ ) _ _ _
C = 5 , 1=1,..,3-1, C, = —
Y A >y A
-1 HA‘

then we can combine equations (14) and (15) in matrix notation as:

(16) u,-r=3%C,

where:
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O Oxx, = Oxw l'lxl ~To C,
o C
_ XXy _ B 2
EX = 1 l-‘lx -r = u 1 C -
X3 1 0
Owx, O My ~To Cu

A matrix version of equation (13) is:

an B-r =2%C,

where
01x1 01x2 o Opy M- Ty
(0}
2x;
3 - TR
Opy Oy o

1
Solving for C from equation (16) and substituting into equation (17) produces:
(18) -1 =Z B (u -r).

The expression X, X, Lis recognizable as the (transpose of) the expression for the theoretical slope coefficientsin a
standard OL S regression (without a constant).? Thus, we can write for any asset i:

J-1

19 ot s X B (1) BT
:

(c) Interpretation

The extension of the CAPM to amulti-country case leads to a J-factor solution for the pricing of assets. The
new factorsaretheexcessreturnsonthe J-1 assetsthat are perfectly correlated withthereal exchangerateappreciations X;
for each country but the benchmark country. Under global purchasing power parity, X would be deterministic for all
j and equal to one so that we would be back to a one-factor model. More generally, and in particular when nontraded

?In particular, we can identify 2 with XX and =" with XY,

R. BALVERS, WEST VIRGINIA UNIVERSITY. 79 FOUNDATIONS OF ASSET PRICING 5/01



SECTION 3. THE INTERNATIONAL CAPM

goods exist, the X will vary and may have an expected value that is different from one. One can get real return X, by
holding an uncovered position in the currency of country j ; so thereis aclear empirical measure and interpretation of
the factor X

Why are there these extra factors affecting expected returns? From aforeign (i.e. not benchmark country)
consumer’s perspective, utility varies not just because of variation in wealth but also because of variation in the
purchasing power of the wealth. The foreign consumer may hedge against changesin the “terms of trade” by holding
her own currency. If the foreign currency appreciates, then, for given market returns (denominated in the domestic
currency), the purchasing power of returns has diminished but thisisoffset in part by the gainin having held theforeign
currency. For the domestic (benchmark) consumer there isno need to hold the foreign currency. However, itispriced
as an independent factor due to the foreign consumer. Typically, the domestic consumer would not hold the foreign
currency or might short the foreign currency. Clearly, the two-fund separation result implying that al consumers hold
risky assets in the same proportions does not hold in this case.

To seewhy the standard CAPM breaks down consider the Efficient Frontier and Capital Market Linefor real
returns (measured in the investor’s own currency) as displayed in Figure 2. If we are to consider indifference curves
in the space of mean returns and standard deviation of returns then the real returns must be measured in terms of each
consumer’srelevant price level. But thisimplies that the opportunity sets for each consumer are different: for equal
nominal returns, thereal returnswill vary by consumer. Thusinany two countries A and B wewould havetwo different
Capital Market Lines (with, possibly, both different slope and intercept) and so the simple CAPM would not apply.
Interestingly, the fact that apparently identical opportunity setsfor different consumersimply different opportunity sets
in practice, similarly applies to the case of heterogeneous expectations! Thus, in mathematical terms, a model with
heterogeneous expectations would be identical to our present model with heterogeneous consumption opportunities.

Two questions need to be answered concerning the nature of areal exchange rate factor: the sign of its beta
and the sign and levd of its premium. To simplify the discussion, assume that the covariance between the real growth

Real
U CML,
CMLg
Ha,
Mg
S
Figure 1

Opportunity Setswith Exchange Rate Risk
Real returns may vary by consumer, possibly resulting in two different
Capital Market Lines and opportunity sets for each consumer A and B.
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rate of globa wealth (the world market return) and the real return on each foreign currency is zero and that the real
currency returns are also mutually uncorrelated. Then each slopein equation (19) becomes a simple regression slope
whose sign is determined by its covariance with asset i’ s return only. The covariance between the foreign currency
return and asset i could be of either sign. For instance, if the asset represents a nontraded good produced in the foreign
country thenitsreturn will be high if thereishigh productivity inits production. But thismay also imply alower price
for the nontraded good and a lower price level in the foreign country, raising the real exchange rate x. Thus, in this
example, the beta for this asset would be positive.

More interesting is the question about the sign of the risk premium on factor X. Assume again that the
covariances between the foreign currency return and all other foreign currency returns, as well as the global market
return are zero. Then equation (15) implies that the sign of pxj - I, isgiven by B;, which by equation (12) is given by
JE][ ujl(wj xj) xj] /axj = E[ ujll(vvj xj) W, X + ujl(wj xj)] . Thisisambiguous in sign showing two opposing effects:
anincreasein X; directly raisesthereal return (by raising the purchasing power to the foreign consumer) thus raising
the marginal valuation of wealth; a change in X, also raises real wealth thus lowering the marginal utility of wealth.
Equation (15) also shows that the risk premium on factor X islarger asthe variance of thereturnislarger; further, the
premium is smaller the more agents exist outside the foreign country, as reflected in the sum of the A,

The model of Adler and Dumas (1983) differs from the current model in some respects. Firstitissolvedin
continuous time. Second, it is formulated in nominal terms which appears to be incorrect when inflation rates are
stochastic. Otherwise, our result is asin Adler and Dumas that n-1 factors exist outside of the world market return
related to exchange rate risk for all currencies/countries relative to a benchmark.

4. ARBITRAGE PRICING THEORY

rbitrage Pricing Theory, or the APT, is a competitor to the CAPM and explains asset pricesin away
that is fundamentally different. Developed by Ross (1976), it employs atype of arbitrage that differs
from standard arbitrage in that it relies on diversification to reduce al (or amost all) risk. It differs
from the CAPM in set-up by not relying on elliptical distributionsor quadratic utility but, instead, assumesalinear error
structure.
(a) Model Set-Up
The (net) expected return on any asset i is given tautologicaly as:
1) rn=Ww-+n, E(n)=0.

The key restriction is on the error term which is assumed to have the following “factor” structure:

2 n = bi1|51+bi2F2+ ..... b, F.+g
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E(F) = E(g) = E(5F)) = E(gg,) = 0.

TheK “factors” Ifj have amean of zero. The strength of the effect of each factor j onr; (or equivalently onn, ) isgiven
by the “factor loadings’ b; . The errors ; are uncorrelated with the factors and uncorrelated across assets.

Apart from the assumptions on the error structure, the APT assumes perfect markets (perfect competition and
no frictions) and homogeneous expectations as does the CAPM. It also assumes that the number n of assets considered
is much larger than the number K of factors. Importantly, since construction or identification of a market portfolio is
not required in the APT, there is no reason to study the universe of assets. So even though n >> K isrequired n need
only be asubset of the assetsin existence. For instance, the APT should hold for all Belgian assets of companies older
than ten years, just aswell asit would hold for all assets on the NY SE.

Define the concept of an Arbitrage Portfolio as a portfolio with (a) no wealth invested, i.e.,

M=

3)

s =0

i=1

and (b) norisk. The return on such an arbitrage portfolior, isgiven as.

M=
M=
M=

K
i |+Z(

1 i=1 k=1 i

S biy) Ifk +
1 i

n
4 rp:i slr.:_Zslu. S¢ .

1

L et’ sindicate the second term on theright-hand side of equation (4) by systematic risk and thelast term by nonsystematic
risk for obvious reasons. Now consider how to build the arbitrage portfolio to eliminate both types of risk:

Ms
-
o
I
o

(53 for all k.

I
=

(5b) n = large , [s| = 1/n.

Equation (5a) states the condition for eliminating all systematic risk; equation (5b) states the condition for eliminating
all nonsystematic risk, relying onthelaw of large numbers.® Clearly, not all nonsystematic risk can be €liminated without
having aportfolio existing of infinitely many assets. Thus, the“arbitrage” considered hereisnot fully riskless, but close
enough so for practical purposes. Much of the literature on the APT deals with the last issue: how to eliminate the
nonsystematic risk. Since the basic idea of thisis clear we will not dwell on thisissue.

From equations (4) and (5) we can now infer that:

M=

(6) rp:ilslpizo.

The second equality follows from the “no arbitrage” condition: in perfect markets, no arbitrage opportunities should be
available, thus the return on an arbitrage portfolio must be zero.

3 Itisnot necessary the s is close to 1/n (in absolute value). For instance, if we set 5 = i/x, where x is picked to make
the shares add to one, then we can let the nonsystematic risk go to zero asi —c.
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(b) Model Solution
State equations (3), (5a), and (6) in matrix notation:
) sT(B-R) =0,

where: s isalxn column vector of arbitrage portfolio shares; Risan nx (K+1) matrix of K+ 1identical column vectors
of the n expected returns on the assets in the arbitrage portfolio; and B isan n x (K+1) matrix which hasonesin itsfirst
column and the factor loadings b, for the remaining K columns; 0 isan x 1 column vector consisting of zeros.

From basic linear algebrawe know that the matrix B - R doesnot havefull columnrank. Asaresult wecan
write R asalinear combination of the columnsin B :

Yo(l_ui) + Yl(bil_ui) + Yz(biz_ui) to YK(biK—lli) =0,

which holdsfor all i and for some value of the y, . Rewriting the above equation produces:

K k
® Wkt Taby o k- y/E oy fordl i

Note that the sum of the A; = 1. Equation (8) isthe asset pricing equation of the APT.
(c) Discussion and Intuition

The expected returnonan asset |, = E(r;) thusequalsalinear combination of the loadings on the K factors.
It is possible, however, to provide a more specific interpretation. If ariskless asset exists with return r, then it must be
that the by, are @l zero and so equation (8) implies:

9) o = Hp = Ag-
Consider an asset k that has unit sensitivity to factor k and zero sensitivity to all other factors (such an asset can

always be created if B isinvertible). Then the expected return on asset k from equation (8) and using equation (9)
equals:

(10) B =Tg+ A, = A =l T,
Thus, equation (8) becomes:

K
(11) - To = 2}1 by (Hy 1)

k
which isamulti-beta version of the CAPM pricing equation. Given equations (1) and (2), equation (11) can be written
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in ex post form;
K
(12) ro-rg = El b, (r,—ry) +&.

Thus, if one knew the K factors, the factors loadings (or “betas’) could be obtained econometrically as the multiple
regression coefficients, with historical excess returns on the K factors as the independent variables and the historical
excess return on asset i as the dependent variable.

Figure 2 presentsagraph from Roll and Ross (1980) whichillustratesin asimple 1-factor example how absence
of arbitrage implies linear pricing as in equation (11). The graph depicts the “security market ling” for the 1-factor
model. Suppose assets 1 and 3 are on the line and that asset 2 is above the line, meaning that it has a positive “apha’.
Then one could construct a portfolio of assets 1 and 3 with identical systematic risk as asset 2 but with alower expected
return. By short selling the portfolio of assets 1 and 3 and buying asset 2 an arbitrage portfolio can be created (no
investment but positive return, and no risk if we may ignoreidiosyncratic risk). Arbitrage opportunities of this sort will
be absent only if al assetslie along theline.

Mi

Figure 2
Arbitrage Pricing

Constructing a portfolio short in assets 1 and 3 and long in asset

2 can create an arbitrage portfolio without (systematic risk) but

with positive payoff. Absence of arbitrage opportunities of this
type guarantees that all assets lie on the line.

(d) Empirical Issues

Of course, the factors are not known and the APT does not provide any specific economic guidance on how to
pick factors. In practice, purely statistical procedures are typically used to find the factors. Roll and Ross (1980) and

4 Note that, due to idiosyncratic risk, it is not necessary that the APT will hold in the case of each individual asset;
Specifically, there is no requirement that an idiosyncratic component with positive expected value is arbitraged away.
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others use “factor analysis’ or “principal components’ (statistical techniques often used outside of finance and
economics) toidentify portfolios of assetsthat would have best explained therealized asset returns. The questionisthen:
How many portfolios have a significant explanatory power for asset returns? Having obtained all significant portfolios
(the“factors’) one then checksif any other, interesting variables have additional explanatory power. Thisbecomesthe
formal test of the APT. In particular, say that there are three significant factors, then the question is, does the CAPM
betaor total variance of return contribute any explanatory power in addition to thethree statistical factors. The APT says
no. Inreality it seemsthat firm size has some additional explanatory power. This depends on the sample however: the
APT alowsany large set of assetsto be investigated and the extent to which returnsin a particul ar set of assets deviate
from APT predictions may vary. Asinthe CAPM, apossible test of the APT isto consider whether the “aphas’ are
significantly different from zero.

In factor analysis or principal components analysis factors are picked in such away that they are orthogonal.
This is always possible. Say that two factors matter, X and Y. Then if these factors are correlated we can aways
decompose Y = a + bX + g, where E(Xg) = E(g) = 0, and then redefine X and g as the two, now orthogonal, factors.
Clearly, in the case of orthogonal factors, the regression slopes in equation (12) would just be simple regression
coefficients.

Chen, Roll, and Ross (1983) consider alarge group of macroeconomic variablesthat could potentially befactors
in pricing financial assets. They find four macro variables that are significant: industrial production; changesin the
default risk premium on corporate bonds; changes in the term premium on long-term versus short-term bonds; and
unanticipated inflation. Thefirst variable may relate to profitability while the other three deal with the opportunity cost
of holding stock (or the discount rate).

In the context of a macroeconomic model, the different random shocks that drive the equilibrium state of the
model each should serve as a separate factor. Thus, in areal business cycle mode for instance, technology shocks and
productivity shocks should be the factors that should price each financial asset. It appearsthat little empirical work has
been donealong theselines. Thisisunfortunate because, in the absence of aspecific general equilibrium model, the APT
is pretty much like an empty shell: it statesthat any “factor” could price financial assets but it does not limit in any way
what the factors should be.

(e) Empirical Procedures

In cookbook style summary, here are the steps needed to test the APT viafactor anaysis:

1 Take any large group of financial assets over any returns horizon (daily isfine).

2. Find the VVariance-Covariance matrix for realized returns from historical data.

3. Statistically usefactor analysisto find orthogonal factors, using maximum likelihood analysisto determine the
cutoff for the last significant factor.

4. Find the factor loadings b, in the time series.

5. Find the factor risk premia 8, cross-sectionally.

6. Seeif all assetslie on the Arbitrage Pricing Line and/or seeif other non-APT risk factors (such as the market

beta) are priced.
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Theresultsaretypically around four significant factors (without economic interpretation). Other variables (such astotal
risk) areirrelevant although thisis debatable for firm size. The APT explainsasignificant part of the CAPM residuals.

Asaspecific example, the Roll and Ross (1980) paper considersdaily datafrom July 1962 on. They construct
alphabetically 42 groups of 30 assets, estimate for each group the variance-covariance matrix (the groups are formed for
computational issues, to keep the covariance matrix manageable), and then apply a two-pass method. Since data are
daily, estimation can be quite precise so it is hot necessary to worry about measurement error as in the Fama-MacBeth
approach. They then obtain simultaneously by factor analysis the factors and the loadings. Subsequently, factor risk
premiaare found cross-sectionally based on mean returns over the sample period (thisis done through GL S to correct
for the fact that the distribution of the error estimates depends on the factor loadings). Lastly, the size and significance
of the factor risk premiais obtained. Thisis done separately for all 42 portfolios.

Chen (1983) employs a dightly different approach. He uses odd days in the sample to estimate the factor
loadings in the first pass; then uses even days to test the APT in the second pass.

(f) Comparison with the CAPM

As stated previoudly, the APT does not require an assumption on the returns distribution; it does not require
that the whole universe of assets be considered; and it has no specific role for the market portfolio. Itskey assumption
isthe assumption of error termsthat are linear in the relevant factor shocks. The framework is extremely flexible and
infactisnot limited to astatic interpretation: asset sensitivitiesto future events could easily be captured by one or more
factors.

To make the comparison to the CAPM as concrete as possible, assumethat factor analysisidentifiestwo priced
factors Ifl and Ifzthat are significant. Consider the following scenarios:

1. The CAPM (with a Risk Free Asset) is True and We Use a Good Proxy for the Market. It is possible that
r.=a+bF, +b,F,, thais, both factors are correlated with the market but the market portfolio is a sufficient
dtatistic. Thisispossibleinan APT model with theoretically specified factors. In factor analysis, however, in this case
only one factor should be picked which would be perfectly correlated with the market return.

2. The CAPM (with a Risk Free Asset) is True but We Have a Poor Proxy for the Market.
A market factor may work, but other factors should help also to capture the true market portfolio. Finding additional
factors uncorrelated with the market proxy only proves that the proxy is bad; it does not disprove the CAPM.

3. The CAPM is Not True but the APT Holds. A second factor in addition to the market portfolio may become
significant in avariety of cases. For instanceif returnsarelognormally distributed. Thenitisnot just portfolio variance
that matters and the other factor may capture the skewness or other higher moments of the lognormal distribution.
Similarly, if we have nonmarketable assets, foreign trade, non-homothethic utility, or dynamic hedging effects. Aswe
saw for most of these cases, theresulting extension of the CAPM impliesadditional betas and these then would be picked
up in the factor analysis.
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(9) Applications and Exercises

1 Suppose that an APT model holds with only one factor. Does this factor have to be the market portfolio?
Explain.
2. Consider a 2-factor APT without idiosyncratic risk. Assume that one asset lies above the equilibrium asset

pricing plane. Explain how an arbitrage portfolio can be constructed in this case.

5. THE FAMA-FRENCH THREE FACTOR M ODEL

(a) Description of the Empirical Model and Results

a and French (1992) shocked the finance profession by showing that, with recent data, market 3 can
no longer account for the cross-sectional variation in stock returns. For the period 1963-1990, beta
seemsto play no role in explaining the average returns on NY SE, AMEX, and NASDAQ. Famaand

French obtain these results in a set-up that is related to the Fama-MacBeth methodology, but with some significant
differences. First, portfolios are not the 20 portfolios pre-sorted by beta but are the 100 portfolios obtained by sorting
firstinto size decilesand then, within each size decile, into betadeciles. Famaand French claim that thisway of sorting
iscrucial since size and market beta are strongly correlated. Previous studies may have indicated arole for beta that,
instead, should have been attributed to the size variable. Second, betasare cal culated based on all post-sorting data (that
isfrom July 1963 to December 1990); thus the beta of each of the 100 portfolios does not change through time. Third,
betas are estimated as the sum of the slopesin the regression of the portfolio return on current and prior month market
returns (that is, both market return and lagged market return are included as explanatory variables in the first-pass
regressions). Accordingto Dimson (1979) thisadjustsfor nonsynchronoustrading and may bemost relevant for smaller
firms. Fourth, cross-sectional (second-pass) regressions are conducted onindividual stocksrather than portfolios; with
eachindividual stock assigned the betaof the size-betasorted portfolioit currently belongto. Thisisdonefor efficiency
reasons because other variables (the“ x” variables) inthe second-passregression can be estimated reliably for individual
firms.

The deviations from the standard Fama-MacBeth approach seem reasonable, especially from the perspective
of pointing out the failure of beta in explaining the cross-section of stock returns: the use of future information in
estimating betas, if anything, will provide a biasin support of beta. While one may argue that time variation in betas
provides a problem, Fama and French state that results stand up to robustness checks when 60 months instead of the
full sample are used in estimating beta. 1n addition, Chan and Chen (1988) show that full-period beta estimates can
work well even if betas vary through time.

Theresult of the second-passregression for all securitiesexplaining the cross-section of monthly returns, when
only beta(as obtained using the af orementioned deviations from the Fama-M acBeth approach) is used astheright-hand
variableisadope of 0.15% with at-statistic of 0.46; the death blow to the CAPM. To make matters worse, Fama and
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French (1992) show that both size, measured asthelog of market equity—price per share times shares of common stock
outstanding—as well as book-to-market ratios, measured as the log of book value—accounting value of common
stock—minus the log of market equity, are statistically significant in explaining the cross-sectional returns of the, on
average, 2267 stocksin the sample; the slope of the size variable is significantly negative and the slope of the book-to-
market variable is significantly positive.

Fama and French (1993) expand on their 1992 paper by considering corporate and government bonds in
addition to common stock as part of the asset returns to be explained. Accordingly, they also expand the set of
explanatory factors under consideration by adding a term structure and a default premium variable; factors known to
have explanatory power for the cross-section of bond returns. Furthermore, instead of the Fama-MacBeth two-pass
regression approach they consider the single pass time-series regression approach in which the key test is whether the
mean of the unexplained variation in the asset pricing model, the “alpha’, is significantly positive.

Fama and French now, in effect, use five factors: beta, the book-to-market ratio, size, the default premium,
and the term structure variable to explain the cross-section of stock and bond returns. Bonds are grouped into seven
portfolios: five corporate groups sorted by their Moody’ s credit rating and government bonds split by maturity—more
than fiveyearsand five or lessyearsto maturity. They find that bonds are explained well by “their own” term structure
and default premium factors (R? of around 0.90 or higher except for the short-term government bonds, R? of 0.79, and
the lowest grade corporate bonds, R? of 0.49). In addition, the remaining factors have little explanatory power for
bonds. Similarly, stocksarewell explained by “their” three factors: market beta, size, and book-to-market ratio. These
results are alittle surprising, in the sense that standard asset pricing theory suggests that any asset should be priced by
the same factors-those that indicate the asset’ simpact on the wealth or consumption risk of the representative investor.
Apparently, though, stocks have small loadings on the two “bond” factors and bonds have small 1oadings on the three
“stock” factors. (According to the CAPM, of course, all average asset returns should be explained by the same factor,
market risk.) Thereseemsto be somedegree of interaction, however, between the stock and bond markets because, once
the correlation of market beta with the default premium and the terms structure is removed, the default premium and
term structure premium do have a significant effect in explaining stock returns.

We next turn to the explanation of stock returns. Fama and French (1996) extend their 1993 study to focus
solely on explaining the cross-sectional pattern of stock returns and to investigate how the three stock factors absorb
previously discovered anomalies (patternsin returns not explained by the CAPM; related to the explanatory power of
size, price-earnings ratios, cash-flow to price ratios, leverage ratios, long-term past return, short-term past return, and
salesgrowth). Inthefollowing we provide adetailed description of this“three-factor model” for stock returnsasgiven
in Fama and French (1993, 1996).

Based onthe empirical findingsin Famaand French (1992), Famaand French posit thefollowing factor model
as appliesto any portfolioi :

) W= re = B (M = 1) + S Mgy + hy Mg
where p,, - r, indicates the market risk premium-the mean return on the market factor, pg,, equalsthe mean return

ona“size” factor, and p,,,, representsthe mean return on a“book-to-market” factor. The size factor isthe expected
return on a zero-investment portfolio that islong a portfolio of small firms and is short a portfolio of big firms (SMB
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standsfor small minusbig); the book-to-market factor isazero-investment portfolio that islong aportfolio of firmswith
high book-to-market ratios and short a portfolio of firms with low book-to-market ratios (HML stands for high minus
low). To generate the factor values, Famaand French create six portfolios by splitting the firmsin two size groups and
in three book-to-market groups. Why they create six portfolios instead of nine or four is not clear; Famaand French
admit that the choice is arbitrary but that they have not searched over alternatives. Typically, however, researchers
cannot get away with arbitrary choices such asthese. The high book-to-market portfolio H consists of the 30% stocks
with the highest book-to-market ratios in a given year; the low book-to-market portfolio L consists of the 30% stocks
with the lowest book-to-market ratios; the portfolio M contains the remaining 40% of stocks which are not considered
in generating the HML factor. The HML factor returns are obtained by subtracting the return on L from the return on
H. Similarly, asmall firm portfolio Sis formed containing the smaller firms (more than 50% to guarantee that this
portfolio does not consist of AMEX and NASDAQ firms alone) and a big firm portfolio B is formed containing the
larger firms (the remaining firms). The SMB factor returns are obtained by subtracting the return on Sfrom the return
on B. Clearly, in view of previous empirical evidence of a size effect, the mean return on the zero-investment size
portfolio, Hg,g. ISexpected to be positive, and from the evidence of abnormal positive returns of “value” firms-those
with high book-to-market ratios—compared to“ growth” firms-thosewithlow book-to-market rati os-thebook-to-market
mean return, W, . IS expected to be positive as well.

Theslopesb,, s, and h, (thefactor |oadings) are estimated from atime-seriesregression, which also produces
the“mis-pricing” residuals e (the aphas):

@ M-t = o + b (ry—r) + Srgye + hirgy + &

Theformal time seriestest of any factor model isto check if theintercept o, for al i isjointly significantly different from
zero. Theformal test statistic for thistest is an F-statistic as derived by Gibbons, Ross, and Shanken (1989).

The portfolios i are chosen by splitting the sample in size and book-to-market quintiles, generating 25
portfolios. Then 25 time-seriesregressions of the form of equation (2) are run, each for the 366 monthsfrom July 1963
to December 1993. Each of these regressions have an R? above 0.80 and typically above 0.90. Nevertheless, the
Gibbons-Ross-Shanken test convincingly rejects the null-hypothesis that the al phas are jointly equal to zero (although
the rejection is more convincing for the CAPM case for whichthe s; and h; coefficients are restricted to equal zero).
Fama and French argue that the rejection is expected since the high power of the test will pick up even very small
deviationsfrom zero that should occur in any model since, by definition, amodel isnot reality. They further argue that
the average size of the alphas across the 25 time series is economically very small, around 9 basis points per month.
Fama and French also discuss that the size and book-to-market factors are useful in explaining cross-sectional
differencesin returns (as we know from their 1992 paper); the market factor is not useful for that purpose (as we aso
know from their 1992 paper) but explains most of the discrepancy between average stock returns and the average one-
month T-Bill rate (used here as the risk free rate). Hence, market excess return is included here as a factor for that
reason.

Numerically, the returns of the 25 portfolios vary from a monthly average of 0.32% to 1.05% which isahuge
difference for portfolios consisting of an average number of around 100 firms (varying, though, from 24 in the biggest
value firms portfolio to over 500 in the smallest value firms portfolio). The average market risk premium, that is
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., — Iy, 15 0.43% per month; the average size risk premium, Lg,g., 1S 0.27% amonth; and the average book-to-market
risk premium, W, » is0.40%. Only thelatter issignificantly different from zero. Whiler,,, and rg,, arebasically
uncorrelated, the correlationsof r,, and rq . with r - r. are, respectively, -0.38 and 0.32. The slopes on the three
factorsarestrongly significantinall cases. Thet-statisticsfor theb; inall 25 casesexceed 38.6. For the s thet-statistics
generally exceed 10.0 except for the biggest firms, which have small loadings on the size factor. For the h; the t-
statistics vary from strongly negative -10.0 or lower to strongly positive, larger than 20.0 as we go from low to high
book-to-market portfolios; clearly the high book-to-market firms have high loadings on the book-to-market factor. The
market betas (the b)) differ very little, all being close to one, across the 25 portfolios (by design almost, since the
portfolios were only sorted by size and book-to-market ratio) so that, for these portfolios, market beta has little
importance in explaining the cross-section of the 25 portfolio returns. The average market risk premium thus explains
thelevel of the average returnsrelative to the one-month T-Bill rate. The size betas (the s) vary from around -0.10 for
big firmsto 1.30 for large firms. Given the lg,;0f 0.27% amonth, this explains an annua premium of around 4.5%
for small firmsover largefirms. The book-to-market betas (the h,) vary from around -0.40 for low book-to-market firms
to 0.70 for high book-to-market firms. Given the p,,,, of 0.40% amonth, this explains an annua premium of around
5.3% for value stocks compared to growth stocks. To some these premiums are alittle too high for murky risk factors
to be rational, but they are in the same ballpark as the equity premium of around 5.2% in these data.

(b) Discussion

We can think of the three-factor model asan example of an APT model with threefactors(given that ariskless
asset exists and excessreturns are used as | eft-hand-side variables so that the intercept must be zero), or asan example
of an Intertemporal CAPM model such aswe will discusslater. Unfortunately, the interpretation of the factors asrisk
factorsisnot straightforward. Famaand French admit that the factors were generated in an ad hoc fashion but attempt
to provide some explanation for their importance. Clearly, the market excess return needs no motivation as a factor.
The book-to-market factor, according to Famaand French, capturesthe notion of “distress.” Firmswith high book-to-
market ratios tend to have low market prices due to previously low earnings; as aresult they are more likely to be near
bankruptcy, or at least financially distressed. Therefore, they may not improve as the market improves, and provide an
independent source of risk. Smaller firmsalso may provide arisk that differsfrom general market risk. For one, there
may be more of an adverse selection risk to outside investors as the shares are more closely held, and they may be less
liquid which may impose aliquidity premium such asthosein term structure models. Famaand French do not propose
these latter possibilities, however, but prefer to say that, asto size risk, they are not sure how it can be explained.

In spite of the theoretical drawbacks, the three-factor model does explain most of the standard anomalies
discovered since the advent of the CAPM in the sixties. First, note that a book-to-market ratio is inversely related to
the market price of aparticular stock. However, the same can be said about earnings-to-price ratios, dividend-to-price
ratios, and cashflow-to-price ratios. These variables in past empirical work have al been found to explain cross-
sectional differencesin stock returns. It is not surprising that, once one of these variablesisincluded, the otherslose
their predictive power as Famaand French find. Similarly, the existence of mean reversion that, as DeBondt and Thal er
(1985) show, leadsto profitability of contrarian strategies—selling stocks that have done well over the last three to five
yearsand buying those that have done poorly over that time-impliesthat “ high” market prices|ead to subsequent lower
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averagereturns, is again captured by the book-to-market factor aslow book-to-market ratiosimply both lower average
returnsaswell astending toimply “high” market prices. Salesgrowth isanother variablethat may be closely correlated
with book-to-market ratios as higher sales growth typically implies lower market prices. Leverage (whichisfound to
have a positive effect on average stock returns when equity value is measured in market terms and a negative effect
when equity value is measured in book terms), is also correlated with book-to-market ratios: negatively when market
equity values are used and positively when book values are used. Lastly, the size effect of Banz (1981) is obviously
captured by the size variable in the three-factor model. However, Fama and French find that the “momentum” effect
documented by Jegadeesh and Titman (1993)—stocks with high returns in the recent past tend to maintain that pattern
in the nearby future—cannot be subsumed by the three-factor model. Their comment in 1996 was that one possibility
isthat this momentum anomaly will disappear onceit isinvestigated more closely. However, at thistime it seemsthat
evidence for amomentum anomaly continues to mount.

What does the three-factor model tell us about asset pricing in general? As always there are three types of
explanations. First, the three-factor model isnot “real”; it isthe result of data mining which meansthat it should not
be useful in the future. Or it could be due to ameasurement problem such asthat related to proper measurement of the
market return. In this case the CAPM could still be true and the two non-market factors just help to provide a better
estimate of the true market return. The three-factor model then should be useful in the future, for instance in making
proper risk corrections. Second, the model is“real” and rational explanations along the lines of the APT or ICAPM
explain why the non-market factors are priced. Problem is of course that we do not yet have agood idea of what sort
of risk isbeing priced. Again, though, thethree-factor model now should be valuablein making risk corrections. Third,
non-rational or quasi-rational explanations hold to explain the deviations from the CAPM. In this case, the factor
returnsreally present excess profit opportunitiesthat can be exploited if they persist over time. Persistenceif, of course,
abigif. Behavioral finance maintainsthat there are behavioral biasesin the actions of investorsthat are systematic and
thus are likely to persist. The three-factor model now would be inappropriate for making risk corrections.

Fama and French point out the different applications for which their three-factor model would dominate the
CAPM whichis, currently, still popular with practitioners. First, in event studies, especially when these are conducted
over alargetimeinterval, excessreturnsshould be corrected for risk using thethree-factor model. Second, inevaluating
portfolio managers or mutual funds, the realized returns should be adjusted for the risk based on the three-factor model
and the resulting return should be compared to the alphas derived in their study. Third, portfolio choice should be
guided by the fact that proper hedging should occur with respect to all three of the factors. Fourth, provided that the
factor loadingsof individual investment projects can be estimated accurately (regarding which Famaand French express
some reservations), the three-factor model can be used for cal culating the cost of capital to be used in capital budgeting
decisions.

(c) Applications and Exercises

1 Perform a simple test of the Fama-French three factor model. The question is: how well does this model
explain the cross-section of average returns of portfolios sorted by size and value characteristics?

Seven computer files are available from me. Two text files with data obtained from Kenneth French’s web
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siteat MIT: monthly returns on 25 portfolios sorted by book-to-market ratio and size; and monthly valuesfor
the size factor (SMB), the value factor (HML), the market factor (Market minus riskfree return), and the
riskfree rate. Thetime period isfrom July 1926 to June 2000. These two files are sufficient to complete the
assignment.

Thefiveremaining filesare adatawork file and four (pretty clumsy) batch programsthat may greatly simplify
your assignment and allow you to run the assignment below in EViews (if you so choose). The batch files:
(1) obtain mean valuesfor the 25 portfolio returns (meandlij.pgm), (2) run atime series“first-pass’ regression
to obtain full-sample values for the three Fama-French betas of each of the 25 portfolios (regs.pgm), (3)
organize the data for a second-pass regression (coeff.pgm), and (4) run the cross-sectiona “second-pass’
regression for the mean returns of the 25 portfolios (final.pgm).

Open (Open- Work File) thework filein EViews (available on the I -drive), then Open (Open- Program) each
program and Run the four batch filesin turn to get the desired results. Or import the text filesinto, say SAS,
and write your own version of these batch files.

Questions

@ Interpret the results from the second pass.

(b) Obtain analogous results for the CAPM version when only the Market beta is used. [Just
appropriately edit the EViews batch files for the easiest way to get these results).

(© Are the results generally consistent with those of Fama and French (1992)?

(d) Compare the approach used here to that in Fama and MacBeth (1973) and that in Fama and French
(1992) and discuss the differences.

(e Could you directly use the factor values given in the original datafile to make risk corrections for
other groups of portfolios? Explain.

6. OTHER VARIANTSOF THE CAPM

arious attempts have been made to improve on the CAPM by dropping one or more of thelessdesirable
assumptions. Here we discuss some of these without much detail. Reason for thisin part isthat these
extensions, so far, have not proven to be very successful both empirically and theoretically.

(a) The Partial Variance Approach
The ideais that the variance of above average returns realizations is irrelevant for the consideration of risk.

Assuch, only the variance below aparticular threshold iscalculated. Thethresholdistypically set equal totherisk free
return. Harlow and Rao (1989) show in general that in this scenario aone-beta CAPM obtains, where however the beta
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CHAPTER V. STATIC ASSET PRICING MODELS
cannot be estimated by standard regression methods. They instead estimate beta by (among other changes) separating
themarket return variableinto two separate variabl es: onefor when the market returnisabovethethreshold (thisvariable
is zero whenever market return is bel ow the threshold) and one for when the market return is below the threshold (this
variable is zero whenever market return is above the threshold). The coefficient on the variable for when the market
return is below the threshold becomes the appropriate beta.

(b) The Three-Moment CAPM

If we have a better approximation of preferences than quadratic utility then we no longer need to assume
ellipticality of returns. Thisis possible by considering athree-moment or four-moment CAPM where apart from mean
and variance also the skewness and kurtosis of the portfolio return matter.

Kraus and Litzenberger (1976) developed a three moment CAPM by considering a third-order Taylor

approximation for the utility function of an investor. Here we, equivalently, take a second-order approximation of
margina utility around theinitial level of wedlth:

D u’(w) = u’(w) +u”(w) (w-w) + [u”(w)/2] (w-w)>?
Assuming, asis standard, positive marginal utility and risk aversion, the reasonable restriction of DARA (Decreasing
Absolute Risk Aversion) preferences (which avoids that risky assets are inferior goods) implies a preference for higher
skewness: sgn[d(-u”/u’)/dw] = sgn[-u”"u’ + (u”)?] <0 requiresthat u””’ > 0.°

To derive athree-moment CAPM a simplifying assumption (not made by Kraus and Litzenberger) is that a
representativeinvestor exists. Weknow thenthat w - w = r_ w; that is, the market returnisthe return on wealth for the
representative investor. Equation (1) can then be written as:

(2 u’(w) = go—glrm+gzrnz1 , g >0 forallj.
Given arepresentative investor and without assuming ellipticality of returns, Chapter 111, equation (2.13) gives:

©)] E[u"(w)(r,-r.)] =0, forall assetsi.
Using the definition of covariance, equation (3) yields:

(4) W -1, = -Cov[u’(w), r,]/E[u’(w)], forall assetsi.

Substituting equation (2) into (4) yields:

5 For expected utility we have E[u(w)] = u(w) + [W2u”(W)/2] o7, + [W3u’/(W)/6] s>, where
srf‘ = E(r, - um)3 indicates the third (central) moment, the skewness, of the market return distribution. Positive
skewness (longer tail to the right of the distribution) raises expected utility as people like upward potential with little
downside risk, keeping mean and variance constant.
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(5) W -r,=ho. -hs for al assetsi and with h;, h, > 0,

1%im 2¥imm ?

where s, = Cov(r,, r2) indicates the co-skewness between asset i's return and the market return. Kraus and

Litzenberger defineabetaand a“gamma’ asfollows: B, = o, mlorzn v Yi =S mm/srf‘ [where srf‘ =E(r,- pm)3]. This
isnot essentia in devel oping and testing the three-moment CAPM and wewill skip that step; it should however be clear
that equation (5) represents essentially a two-beta CAPM.

The approach we employed previously in finding the asset pricing equation is to apply equation (5) to two
“benchmark” assets, the market portfolio and one*” other” asset. Sincewe haveno criterion herefor choosing the“ other”
asset, an alternative approach is more useful. We can aways write the following tautology:

(6) M= T = Gy + Cyy (M= 1) + C (M~ W) + g

where E(g;) = Cov(e,r,) = Cov[e, (r, - um)z] = 0. Subtracting from both sides of equation (6) their expected

values, then multiplying both sidesby r - p, and then taking expected values gives:

i’rm

2 3
() Oim = CjOm + Cyi Sy -

The same process but multiplying both sidesby (r, - um)2 gives:

(8) S|mm - C1i Sn?; + C2i kri !
where k,i = E(r, - um)“ represents the kurtosis, the fourth (central) moment of the market return distribution.

It is now straightforward to test the three-moment CAPM using a two-pass regression approach. First,
empirically obtain the first four central moments of the market return distribution; then find the Cji from regression
equation (6) for all assets (or portfolios) to execute thefirst pass. Thiswill provideestimates 6, , and § ,, for all assets.
Second, employ the first-pass estimates to test equation (9) and find estimates ﬁl, ﬁz which should be significantly
positivein all cases (even when the realized market excessreturnisnegative). Krausand Litzenberger’ sresults support
the three-factor CAPM asthey find significantly positive estimates of ﬁl , ﬁz in the second pass regression. Note that
their approach is very similar to the approach outlined here only because of the fact that market returns have positive
skewness, otherwise the vy, = / srf‘ which they use and s, which we use would have opposite signs.

SIIT‘IIT‘I

(c) The Four-Moment CAPM

A straightforward extension of the above approach yields the four-moment CAPM. This extension of the
CAPM isdeveloped by Fang and Lai (1997) and Dittmar (1999). It isrelevant because of the well-known observation
of kurtosis, thick tails, in stock returns. In addition, there is some theoretical support for the relevance of the fourth
moment in the utility function. Kimball develops the concept of Decreasing Absolute Prudence. Together with non-
satiation, risk aversion and decreasing absol ute risk aversion, decreasing absol ute prudence impliesthat u’”’(w) < 0.
Thus, individual investorsare presumed to be averseto kurtosis—for given variance, more extreme outcomesaredisliked.

In the four-moment CAPM three betas become relevant, related to co-variance, co-skewness, and co-kurtosis
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(common sensitivity to extreme outcomes) of an asset’ s return with the market return. Dittmar reports good resultsin
aconditional version of this model relative to the Fama-French three factor model.

(d) Applications and Exercises

1 Employing the approach in section 6(b), explicitly derive the four-moment CAPM and discuss the differences
relative to the three-moment CAPM.
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